Let G = (V, E) be a finite undirected graph. A set S of vertices in V is said to be total k-dominating if every vertex in V is adjacent to at least k vertices in S. The total k-domination number γ kt (G) is the minimum cardinality of a total k-dominating set in G. In this work we study the total 2-domination number of Cartesian product of two complete graphs which is a natural lower bound of the total 2domination number of Cartesian product of two graphs. In particular, we obtain closed formulas for several total 2-domination number of Cartesian product of two complete graphs. In addition, some results about the asymptotic behavior of γ2t(Kn Km) as n, m → ∞ are given.
Introduction.
We begin by stating the terminology. Throughout this paper, G = (V, E) denotes a simple graph of order |V | = n and size |E| = m. We denote two adjacent vertices u and v by u ∼ v. For a nonempty set X ⊆ V and a vertex v ∈ V , N X (v) denotes the set of neighbors v has in X: N X (v) := {u ∈ X : u ∼ v}, and the degree of v in X will be denoted by d X (v) = |N X (v)|. The subgraph induced by S ⊂ V will be denoted by S .
Let G = (V, E) be a graph. A set S of vertices in V is said to be k-dominating if every vertex v ∈ V \ S satisfaces d S (v) ≥ k. The k-domination number γ k (G) is the minimum cardinality of a k-dominating set in G. A set S ∈ V is said to be total k-dominating if every vertex in V is adjacent to at least k vertices in S. The total k-domination number γ kt (G) is the minimum cardinality of a total k-dominating set in G. The notion of total domination in a graph was introduced by Cockayne, Dawes y Hedetniemi en [5] .
The most famous open problem about domination in graphs is the Vizing's conjecture, see [11] . This conjecture states that the dominating number of the Cartesian product of two graphs is greater than or equal the product of the dominating number of both factor graphs. Domination and some well-known variations have been study continuously, see e.g. [1, 6, 7, 8, 9] and the references therein. We recall that the Cartesian product of two graphs G = V (G), E(G) and H = V (H), E(H) is the graph G H = (V, E), such that V = {(u, v) : u ∈ V (G), v ∈ V (H)} and two vertices (u 1 , v 1 ), (u 2 , v 2 ) ∈ V are adjacent in G H if and only if, either u 1 = u 2 and v 1 ∼ v 2 , or v 1 = v 2 and u 1 ∼ u 2 . From this definition, it follows that the Cartesian product of two graphs is commutative. When we refer to the Cartesian product of complete graphs K n K m , we denote V (K n ) := {v 1 . . . , v n } and V (K m ) := {w 1 . . . , w m }.
The first approach to domination in graph appears within the problem of the five queens, i.e., place five queens on a chessboard so that every square is dominated by at least one queen. Note that the solutions to this problem are dominating sets in the graph whose vertices are the 64 squares of the chessboard and vertices a, b are adjacent if a queen may move from a to b in one move. More recently, a problem on total domination appeared as Questions 3 of the 40 th International Mathematical Olympiad which is equivalent to determine the total domination number of the Cartesian product of two path graphs with same even order, i.e., γ t (P 2n P 2n ). Recently, several authors have studied the total domination of product of graphs like Cartesian, strong and lexicographic, see e.g. [2, 3, 4, 10] .
In this paper we deal with the total 2-domination number of Cartesian product K n K m of two complete graphs which is a sharp lower bound of the total 2-domination number of Cartesian product of two graphs. Sometimes, throughout this work, we solve or refer to the following equivalent problem in an n × m board which could be conveniently used to obtain γ 2t (K n K m ). Problem 1.1. Determine the minimum number of chess-rooks 1 placed at distinct squares of an n × m board such that each cell is dominated by at least two rooks considering that no rook dominated the square where it is placed.
Clearly, the solution of Problem 1.1 is γ 2t (K n K m ), and consequently, each rook configuration that comes from a solution of the problem is a minimum total 2-dominating set of K n K m . Furthermore, a total 2-dominating set of K n K m provides a rooks configuration that satisfies the Problem 1.1. Note that for every two graphs G, H with orders n, m, respectively, we have that for every k ≥ 1, γ kt (K n K m ) is a natural lower bound of γ kt (G H) since G H ⊆ K n K m , i.e., γ kt (K n K m ) ≤ γ kt (G H). Indeed, every closed formula obtained in this work is a lower bound for the Cartesian product of two graphs with respective orders.
Main results
In this section we deal with the total 2-domination number of K n K m which is sharp lower bound for γ 2t (G H) when graphs G and H have orders n and m, respectively. In order to obtain the main results we collect some results in technical lemmas will be useful. Lemma 2.1. For every n, m ≥ 2, min{n, m} + 2 ≤ γ 2t (K n K m ) ≤ 2 min{n, m}.
(2.1)
Proof. Without loss of generality we can assume that m ≥ n. On the one hand, consider S ⊂ V (K n K m ) a total 2-dominating set of K n K m . Since d Kn Km (v) = n + m − 2 for every v ∈ S and d S (u) ≥ 2 for every u ∈ V (K n K m ), we have |S|(n + m − 2) ≥ 2 nm. Thus, we have
In order to obtain the second inequality, it suffices to choice S :
We have the following consequence of Lemma 2.1.
Lemma 2.3. For every n, m ≥ 2, if γ 2t (K n K m ) < 2 min{n, m} then the following statements hold in every rook configuration of a Problem 1.1 solution 1. there is a rook in each row (column, resp.), 2. there is a row (column, resp.) with at least three rooks.
Proof. Note that if there is a row (column, resp.) with no rook then the squares in that row (column, resp.) must be dominated by at least two distinct rooks. Thus, Lemma 2.3.1 follows.
On the other hand, since γ 2t (K n K m ) < 2 min{n, m} there is a row (column, resp.) with just one rook, the square with that rook must be dominated by others two rooks located in the same column (row, resp.). Thus, Lemma 2.3.2 follows.
In fact, we have the following result as a consequence of Lemma 2.3.
We prove now the following result will be useful.
Proof. Let S ′ be a minimum total 2-dominating set of K n K m+1 and S ′′ be a minimum total 2-dominating set of K n+1 K m . Note that if |S ′ | = 2n then Lemma 2.1 gives the inequality. Assume that
Consider now S a minimum 2-total dominating set of K n K m . Note that if |S| = 2n then by Lemma 2.
Furthermore, it is easily seen that S ′ is a total 2-dominating set of K n K m+1 . Analogously, we can obtain S ′′ a total 2-dominating set of K n+1 K m such that |S ′′ | = |S| + 1.
All equalities in the previous result are attained. Note that γ 2t (K n+1 K m ) − γ 2t (K n K m+1 ) attains all values in {−1, 0, 1, 2} when 2 ≤ n ≤ m, for instance, γ 2t (K 2 K 4 ) = 4 and γ 2t (K 3 K 3 ) = 5, γ 2t (K 3 K 5 ) = 6 and γ 2t (K 4 K 4 ) = 6, γ 2t (K 6 K 6 ) = 10 and γ 2t (K 5 K 7 ) = 9, γ 2t (K 2 K 5 ) = 4 and γ 2t (K 3 K 4 ) = 6. However, the arguments in proof of Lemma 2.5 provide the following fact.
The following result states that in every rooks configuration satisfying the condition of Problem 1.1 contains at least γ 2t (K r K s ) rooks within every r rows and s columns for r, s ≥ 2.
Proof. Without loss of generality we can assume that A = {v 1 , . . . , v r } and B = {w 1 , . . . , w s }. Note that if r = n or s = m the result follows. Thus we can assume that r < n and s < m. Let us consider
Without loss of generality we can assume that r ≤ s. It is easily seen that |S ∩ V | ≥ 4 when r = 2. Then, we can assume that r ≥ 3. By Lemma 2.1 the result follows if |S ∩ V | ≥ 2r. Then we can assume that |S ∩ V | < 2r. Note that if |S ∩ V | < s, there is w ∈ {w 1 . . . , w s } such that S ∩ V (K n ) × {w} = ∅ and so, since each vertex in {v 1 , . . . , v r } × {w} ⊂ S has at least two neighbors in S we obtain |S ∩ V | ≥ |S ∩ (V 1 ∪ V 2 )| ≥ 2r ≥ γ 2t (K r K s ). Hence, we can assume that |S ∩ V | ≥ s. Furthermore, if |S ∩V | = s then S ∩ V (K n ) × {w j } = 1 for every 1 ≤ j ≤ s and S ∩V 2 = ∅; consequently, we have that S ∩ {v i } × {w 1 , w 2 , . . . , w s } ≥ 3 for every 1 ≤ i ≤ r and so |S ∩ V | ≥ |S ∩ V 1 | ≥ 3r > γ 2t (K r K s ). Thus, we can assume that s < |S ∩ V | < 2r and consequently, Lemma 2.3 applies for rows and columns in V . On one hand, assume that
On the other hand, assume that
Without loss of generality we can assume that |S ∩ ({v} × V (K m ))| ≥ 2. Denote by A := S ∩ V . Then we can obtain from A a new set of vertices A ′ by replacing each vertex
thus we can obtain from A ′ a new set of vertices A ′′ ⊂ V 1 (a total 2-dominating set of V 1 ) by replacing each vertex (v i , w j ) in S ∩ V 2 through analogous rules. Therefore, we finish the proof since A ′′ is a total 2-dominating set of
Now we deal with the case n = m, i.e., to compute γ 2t (K n K n ). The proof of the following Proposition is recommended to the reader. In order to obtain the exact value of γ 2t (K n K n ) we need the following interesting result. Theorem 2.9. For every 6 ≤ n ≤ m,
Proof. Note that if γ 2t (K n K m ) = 2n, then the inequality holds. Hence, we can assume that γ 2t (K n K m ) < 2n. Let S be a minimum total 2-dominating set of K n K m . By Lemma 2.3 there is a vertex
Without loss of generality we can assume that i = j = 1. Assume first that (v 1 , w 1 ) / ∈ S. Without loss of generality we can assume that (v 1 , w 2 ), (v 1 , w 3 ), (v 1 , w 4 ), (v 2 , w 1 ), (v 3 , w 1 ), ( S, i.e., S has the configuration in Figure 2 right. Denote by A :
Clearly |A| ≥ γ 2t (K 4 K 4 ) = 6. Hence, by Lemma 2.7 we have |S \A| ≥ γ 2t (K n−4 K m−4 ), and consequently, γ 2t (K n K m ) ≥ γ 2t (K 4 K 4 ) + γ 2t (K n−4 K m−4 ). The proof when (v 1 , w 1 ) ∈ S is analogous. Note that S has the configuration in Figure 2 left and Lemma 2.7 gives γ 2t 
if n ≡ 0 (mod 4),
Proof. First we proceed by induction on n for obtaining
6k, if n = 4k, 6k + 2, if n = 4k + 1.
(2.4) By Proposition 2.8, (2.4) holds for k = 1. Assume that (2.4) holds para k = r. Hence, Theorem 2.9 gives γ 2t (K 4r+2 K 4r+2 ) ≥ min 5 + γ 2t (K 4r−1 K 4r−1 ), 6 + γ 2t (K 4r−2 K 4r−2 ) ≥ 6r + 4,
We continue in this fashion obtaining a configuration for S that yields the equality by putting in diagonal matter k − 1 configurations of 4 × 4 blocks and another configuration with size congruent with n module 4. In other words, build S for every n = 4k + α with k ≥ 1 and α = −2, −1, 0, 1 . Take S i as a minimum 2-total domination set of {v 4(i−1)+1 , . . . , v 4i } × {w 4(i−1)+1 , . . . , w 4i } for i ≤ k − 1 (if k > 1) and S k as a minimum 2-total domination set for {v 4(k−1)+1 , . . . , v 4k+α } × {w 4(k−1)+1 , . . . , w 4k+α } . Finally, take S := k i=1 S i which is a total 2-dominating set of K n K n . Theorem 2.10 and Lemma 2.5 have a direct consequence which is a very general result. Corollary 2.11. Let G, H be two graphs without isolate vertex and order n and m respectively. Then
Lemma 2.12. For every n, m ≥ 2, we have
Proof. Let S ′ be a total 2-dominating set of K n+1 K m+1 and consider (v ′ , w ′ ) ∈ S ′ . By Lemma 2.7 we have γ 2t
, and so, the first inequality in (2.5) holds. Let S be a total 2-dominating set of K n K m . If |S| = γ 2t K n K m = 2 min{n, m} then γ 2t K n+1 K m+1 ≤ 2 min{n + 1, m + 1} = |S| + 2. Assume that |S| < 2 min{n, m}. Then by Lemma 2.3 there are vertices v ∈ V (K n ) and
Lemma 2.12 and Theorem 2.9 have the following direct consequence.
Theorem 2.13. For every n, m ≥ 2, if there is a minimal total 2-dominating set S of K n K m such that
(2.6) Figure 3 left shows a minimal configuration for a total 2-dominating set of K 6 K 7 which satisfies (2.6) but does not verify the condition of Theorem 2.13 since any total 2-dominating set S of
Similarly, Figure 3 right shows a non-minimal configuration for a total 2-dominating set of K 6 K 8 which does not verify neither the condition of Theorem 2.13 nor the equality in (2.2) since γ 2t (K 6 K 8 ) = 11 = 10 = min{6 + 4, 5 + 6}. We can use Theorem 2.13 and mathematical induction to obtain close formulas for {γ 2t (K n K n+1 )} ∞ n=2 and {γ 2t (K n K n+2 )} ∞ n=2 as well as other similar results. First we need to point out a few easy computable results. Proposition 2.14. We have γ 2t (K 2 K 3 ) = 4, γ 2t (K 3 K 4 ) = 6, γ 2t (K 4 K 5 ) = 7, γ 2t (K 5 K 6 ) = 9, γ 2t (K 6 K 7 ) = 10, γ 2t (K 2 × K 4 ) = 4, γ 2t (K 3 K 5 ) = 6, γ 2t (K 4 × K 6 ) = 8, γ 2t (K 5 K 7 ) = 9, γ 2t (K 6 K 8 ) = 11 and γ 2t (K 7 K 9 ) = 13. Analogous to Theorems 2.10, 2.15 and 2.16 we can obtain some other close formulas for {γ 2t (K n K n+k )} ∞ n=2 when k = 3, 4, . . . Moreover, we can also obtain asymptotic results like Theorems 2.18 and 2.19, see below. Let us highlight the following direct consequence of Lemmas 2.1 and 2.5, and Theorem 2.10, it will be helpful to obtain easily asymptotic results. Proposition 2.17. For every 3 ≤ n ≤ m we have γ 2t (K n K n ) ≤ γ 2t (K n K m ) ≤ min{2n, γ 2t (K n K n ) + m − n}.
Clearly, the second equality in Proposition 2.17 is not sharp, see for instance that γ 2t (K 5 K 6 ) = γ 2t (K 5 K 7 ) = 9 and γ 2t (K 6 K 6 ) = γ 2t (K 6 K 7 ) = 10. However, it will be sufficient to obtain the following results. Proof. It suffices to consider n ≫ k. By Proposition 2.17 we have γ 2t (K n K n ) ≤ γ 2t (K n K m ) ≤ γ 2t (K n K n ) + k. So, the result follows from Theorem 2.10.
The following result is a direct consequence of Lemma 2.1, Corollary 2.11 and the fact that {γ(K n , K n+k )} k≥0 for a fixed n ≥ 2 is a non-decreasing sequence which attains all values in γ 2t (K n K n ), 2n ∩ N. 
